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SUMMABILITY OF FOURIER ORTHOGONAL SERIES
FOR JACOBI WEIGHT ON A BALL IN R¢

YUAN XU

ABSTRACT. Fourier orthogonal series with respect to the weight function
(1 — |x|?)*~1/2 on the unit ball in R? are studied. Compact formulae for
the sum of the product of orthonormal polynomials in several variables and
for the reproducing kernel are derived and used to study the summability of the
Fourier orthogonal series. The main result states that the expansion of a con-
tinuous function in the Fourier orthogonal series with respect to (1—|x|2)#—1/2
is uniformly (C, §) summable on the ball if and only if § > p+ (d — 1)/2.

1. INTRODUCTION

The purpose of this paper is to study the summability of the Fourier orthogonal
series with respect to the weight function (1 — |x|?)#~1/2 on the unit ball in R
The main result states that the expansion of a continuous function in orthogonal
series is uniformly (C, ) summable if and only if § > u+ (d — 1)/2, which provides
a complete answer for the Cesdro summability for these weight functions. Primitive
study in this direction has been conducted for years (cf. [6, Vol. II, Chapter XIIJ),
but the sharp result as such seems to be obtained for the first time. To motivate
our approach, we start with some general background on orthogonal polynomials
in several variables.

Let II¢ be the space of polynomials in d variables and II¢ be the subspace of
polynomials of degree at most n. Let W be a nonnegative weight function on R¢
with integral 1. For each n € Ny, there are r? = ("+Z_1) many linearly independent
polynomials of degree exactly n in d variables that are mutually orthogonal. The
number r¢ is the same as the number of distinct monomials of degree n, or the
cardinality of the set {a € N¢ : |a|; = n}, where |a|; denote the ¢! norm of a.
We denote by {P"}, a € N¢, |a]; = n and 0 < n < 0o, one family of orthonormal
polynomials that forms a basis of II1?, where the superscript n means that P € I1¢.
We arrange the polynomials { P} }|4|,=» according to the lexicographical order as

Poyyoo s Pa 06 € Ng. A useful vector notation
(1.1) Po = (P2 Pl ... P2 )T,
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is introduced in [14]. The orthonormal property of P” means that

P (x)Pg'(x)W(x)dx = 0n,mda,5, oOF / P, (x)PL (x)W (x)dx = 6,.mI,
Rd Rd
where I is the identity matrix of size r¢.

One of the essential problems in dealing with orthogonal polynomials in several
variables is the non-uniqueness of the orthogonal basis. Let V,¢ denote the subspace
spanned by the polynomials Py, 1 < j < rd. Then it is easy to see that for any
orthogonal matrix @,, of size r¢ the components of the polynomial vector @, P,
form an orthonormal basis of V.. On the other hand, any two orthonormal bases
of V¢ differ by an orthogonal matrix. It turns out that many results concerning
orthogonal polynomials in several variables can be stated uniquely in terms of V¢
rather than in terms of a particular basis of V4. Based on this principal we have
used the notation P, in [14] and a number of subsequent papers to study orthogonal
polynomials in several variables, in which results parallel to the theory of orthogonal
polynomials in one variable are established (cf. [15] and the references there). The
principle is particularly evident when one deals with the Fourier orthogonal series.
Let f be integrable with respect to W. The Fourier orthogonal expansion of f with
respect to a sequence of orthonormal polynomials {P?} is given by

(L2) [~ D an(HPL(f),  where aZ(f)Z/PQ(X)f(X)W(X)dX-

n=0 |al1=n

The expansion can be viewed in terms of the V¢, which becomes clear when we
write the expansion using P,, as follows:

(1.3)
foYoprodyf = al(NPs  where  a,(f) = [ F6OPAGIW ()ix.
n=0 n=0

In fact, the n-th reproducing kernel of the orthonormal polynomials, defined by

(1.4) K, (x,y) = > PIXPIy) =Y PLP(y),
k=0

k=0 |a|1=k

is easily seen to depend on the V4’s rather than a particular basis of V;&. The n-th
partial sum S, f of the expansion can be written in terms of K,,(-,-) as

(1.5) Suf =3 al(f)Bs = / K, () ()W (y)dy.
k=0

Clearly, a more basic quantity that depends on V,¢ rather than a particular basis
of V¢ is the sum of orthonormal polynomials [P, (x)]T P, (y).

For general weight functions, the summability of S, f to f has been studied
in [16]. The special weight function often warrants better results. In order to
achieve sharp results for the summability of the Fourier orthogonal series, it is
essential to have a compact formula for K, (x,y). In one variable, this is given
by the Christoffel-Darboux formula which works for every weight function. In
several variables, however, the corresponding Christoffel-Darboux formula is not
enough for this purpose; the compact formula has to be derived case by case. So
far, little has been done in this direction. In this paper, we will derive such a
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formula for the weight function W, (x) = w,, (1 — [x|?)*~/2 on the unit ball, where
w,, is a normalization constant. In fact, we will derive a compact formula for
[P,.(x)]TP,(y), which takes the form

n+p+ 45 [T a1
“R*X”TP"“”::‘7717ﬁfL-/n‘ﬂf+ Ty + VT X2V = [y P eosy)
2 0

<G tan ) [Cmepeta, xye
0

where Cy(f‘) denotes the classical Gegenbauer polynomial. Clearly, this formula re-
sembles the product formula for the Gegenbauer polynomials, which is the above
formula with d = 1. It is well-known that the product formula has many inter-
esting applications; it yields, in particular, a convolution structure that has been
used to deal with the summability of ultraspherical series. For orthogonal poly-
nomials in several variables, product formulae are known only for a few classical
weight functions and they often follow from those of one variable; for example, we
mention the product Jacobi weight functions and the weight function (1 — |z|?)*
on the unit disk of the complex plane ([10]). Part of the reason is that the product
formula depends on the choice of the particular orthogonal basis. For the purpose
of studying summability of the orthogonal series, however, the compact formula for
[P, (x)]TP,(y) turns out to be sufficient; it enables us to prove our result on the
Cesaro summability, which states that the Fourier orthogonal series with respect
to W, is uniformly (C,d) summable if and only if § > p + (d — 1)/2. Moreover,
the compact formula enables us to extend several inequalities for the sums of ul-
traspherical polynomials to several variables, including an inequality of Askey and
Gasper, from which follows that the (C,§) means of the Fourier orthogonal series
with respect to W, is positive if and only if § > 2u + d.

The paper is organized as follows. In Section 2, we fix notation and present
a family of orthonormal polynomials. The compact formula for [P,(x)]TP,(y) is
proved in Section 3; the results on positive sums and preliminary on summability

are presented in Section 4. The main results on summability are given in Section
5.

2. DEFINITION AND PRELIMINARY

Throughout this paper we write x = (z1,...24)T € R and x-y =1y +... +
x4yq for the standard inner product of R%. We use the notation |-| for the Euclidean
norm |x|? = x - x and we write |x|; = |z1]| + ... + |z4]. Throughtout this paper
we use B¢ to denote the unit ball in R? and S?~! to denote the unit sphere in R%;
that is,

Bl={xeR%: x| <1} and S¥'={xeR?:|x|=1}.
The weight function that we deal with in this paper is the normalized function
(2.1) Wu(x) = Wy a(x) = w,(1 - x[*)*~%, p>0, x€B
where w,, is a constant chosen so that the integral of W, is 1,

2 T(u+ L I(p+ 42
(2.2) Wy = W = (1 . 2 ¢)i _ d(,u 2 1) '
wi—r D(p+5)T(5)  72T(p+3)
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Here and in the following, we use wy_; to denote the surface area of S¢~1; it is
known that wq_1 = 274/2/T'(d/2). The value of w,, can be verified by the use of the
standard coordinates x = rx’, x’ € S9! as follows:

1
—|x _%X: w(l —7r _%T‘_ T
1—[x[*)#2d dw(1 — )t~z d

Bd 0 Jgd-1

1
:W‘H/ (1— ) 32 dt.
2 Jo

The weight function W), : R? — R is a radial function; occasionally we will write
W, (r) with € R, as if it is a function from R — R, the slight abuse of notation
should not cause any confusion. Whenever it is necessary we will write W, 4 to
emphasis the dependence on d. For d = 1, the orthogonal polynomials with respect
to the weight function W), are the ultraspherical polynomials, customarily denoted
by C | which is why we use the power p — (1/2) instead of u in the definition of
W,.

To describe orthogonal polynomials with respect to W,,, we will need to recall
the definition of ultraspherical polynomials. The basics are contained in [13, p. 80].
We are interested in the polynomials C,(Z)‘) for A > 0. They are orthogonal with
respect to (1 — 22)*~1/2 on [~1,1] and they satisfy

(2.3)
[ e aap-tar =2 airo]

where for A = 0, the above relation holds under the limit relation

1
2cosnf, forn=1,2,...

=:h,, A>0,

for n =0,

P (P ,
(2.4) ;1313 TC,S )(cos ) = {
These polynomials enjoy many properties, some of them are given in the end of the
section.

We now present one family of orthonormal polynomials with respect to W,
explicitly. For d > 2, we denote these polynomials by {P2"} or {P(Z’a(l“ )} when
we need to emphasis the dependence on d. For the simplicity of the notation, it
is more convenient to deal with the index A = pu + (d — 1)/2; i.e., we work with
Wi—(d4—1)/2- For d = 2, these orthonormal polynomials are given in [11] by

PP (g ) = (o] 2O (@)1 — 2?)R 20T (y(1 - 22) ), 0<k<n,

n, . . . . .
where hj , are constants chosen so that P, 1) are normalized; in this case, it is

more natural to use the subscript k instead of « = (k,n — k). In general, for d > 2,

we need the following notation. For x = (z1,... ,24)7 € R?, we denote by x; € R/,
(2.5) xo =0, x; = (v1,...,2;)7, 1<j<d-1.
For a € Ny, |a|1 = n, we rewrite it as
a=(ki,...  ka—1,n—k1 —... —kq_1) = (k1,... ,ka—1,n — |Kk[1),
where |k|; = k1 + ...+ ka—1. Let n e Ngand n = ko > k1 > ko > ... > kg1 >

_d-1
kg = 0. For @« = (k1,...,kq—1,n — |k|1), we define the polynomial Pg’(/\ 2 ),
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A> (d—1)/2, by

ny(A—d=1) n -1 Ll ((Akjpa=4) (_ Tit1
(26) P70 = i [T - )T o T (),

§=0 Y \Y 1- |Xj|2

where
(2.7)
. T+ s Q=D 2R DN 4 kg + ky — j+ 1)
a,d_ )\+1_% 31;[1 X+ 2kj_1 —j+ )0(kjo1 — ki + D)X+ k; — %)]2

Moreover, for A = (d — 1)/2, we also define P by the formula (2.6) with the
understanding that the limit (2.4) is used whenever A — 0; the formula (2.7) for
hy 4 in the case of A = (d —1)/2 has an additional factor n, ,, which takes the
value 1/2 if kg4—1 > 0 and 1 if kq—1 = 0.

Proposition 2.1. The family of polynomials {Pg’(“)} is orthonormal with respect
to W, on B%; i.e

» P00 (x) Py ()W, (x)dx = o 50m,m.

Proof. Again we work with n = A — (d — 1)/2. Throughout this proof we write, see
(2.6),

d—1
sn,(A—451) o Bzt  (Akj—4) Lj+1
Py 7 (x) = (I=1|x;1")"= Oy ( )
| i M (e

Let o = (k1 —kg—1,-.- ,ka—2 — ka—1,n — |k|1 + (d — 2)k4q—1). Then it follows from
the definition that

~n,(A—95L ~n—ka_1,(Arkq_1— 9452
P ) = P Ot ”(xd )

dl)( xd )
1—-1x — ).
X (1~ [xa1]?) ki TP

If we write 8 = (j1,-.. ,Jd—1,m — |j|), then it follows that
e (O d=1 (A d=1 _d
[ OB 1 - xfax
Bd

. Sn—ka_1,(Arka—1—452) Sm—ja—1,(Atja—1—%52)
= v/Bd71 Pa',d—l (Xd—l)Pﬁ/,d—l (Xd-1)

g\ag ba=1tiao1 —d+ VI1-|xq_1]2 (A—d=1) g
e 3
X (1 - |Xd—1| ) 2 dXd-1 | E de71 ( 1 |X |2)
-V 1-|xa—1 V1= Xd-1

xC’(/\_u)( 24 ) y (1_ x? )/\—% dzg

Jd-1 \/1—|Xd_1|2 1—|Xd—1|2 V1= |Xd_1|2'

Changing variable x4 — /1 — |x4—1|? ¢, the second integral is seen to be equal to

2 d
v [ [0 0 et
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The first integral with kq_1 = jq—1 allows us to continue this process. To the end,
we conclude that the desired equation holds true with hy , given by

d 1 )
n Otk — 152 112 )
hoa=wy_az1 4 H/1 [ijfl—kj : (t)} (1 — ) Mhri—aqt.
=17

The formula for A7, ; follows from inserting (2.2) and (2.3) to the above equation.
(]

It should be pointed out that the study of orthogonal polynomials with respect to
W4 has been undertaken for many years (cf. [6, Vol. II, Chapter XII]). In the early
studies, instead of using orthonormal polynomials, the polynomials V") e,
|ajr = n, defined by
(2.8) (1-2a-x+ a2 = Z a® V) (x a,x € R,

aeNg
play an essential role, which can be traced all the way back to the work of Hermite.
The polynomials V4" () and V () are orthogonal with respect to W, 4 if m # n,
but they are not orthogonal if m = n and the components of «— (3 are even integers.
Therefore, {V£7(M)}Ia\1:n is a basis for the subspace V,¢ introduced in Section 1,
but the basis is not an orthogonal one. It implies, in particular, that Py ) can be
written as a linear combination of V2""). Tt follows from [6, Vol. II, p. 275, (14)]

that for each fixed n the polynomials P2 satisfy the partial differential equation
d d
0 OF OF
——x; |2u—1)F — = - d 21— 1)F.
;3%{3% z; [(u ) +kZ_lxkaka (n+d)(n+2p 1)

In other words, P, ’(“ ) are the eigenfunctions of a differential operator.
The ultraspherlcal polynomials enjoy many properties, several of them that we
shall need are recorded below. Two basic ones are [13, p. 80, (4.7.3) and (4.7.4)]

20 —1
2o =" s = e
n
Let us denote by Cy; (M) the orthonormal polynomial of degree n Wlth respect to the
normalized weight function W) ;. Then, by (2.3), it follows that ™ = p eV
and
(210) OV () = "2
One deep property we shall need is the addition formula of Gegenbauer, which
states that [6, Vol. I, Sec. 3.15.1, (19)]

(211)  CWM(cosh cos ¢ 4 sinfsin ¢ cos 1)

CW ().

= Z ag)n(sin 9)’“07(1)‘_*,?) (cos 6)(sin (b)kC',(l)‘_*,;k) (cos (b)C',g)‘_ 2 (cosv),

with
L(2X — 1)22%[T(k + /\)] (n—k)I(2k +2X — 1)

ClA =
(2.12) g [C)]T(n + k + 2))
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When A = 1/2, we factor out (2k + A — 1) from aﬁm in (2.12) and use the limit
(2.4) in the formula (2.11). For ¢ = 0 and A — 0, the addition formula (2.11) is
reduced to the addition formula for cosine polynomials. From (2.12) and (2.9) it is
easy to verify that ag,, = [C’f{\)(l)]_l. Thus, from (2.11) follows the Gegenbauer’s
product formula [6, Vol. I, Sec. 3.15.1, (20)]

(2.13)
(N) (N)
Cn” (cos 9?\0” (COS¢ / C cos@cosqﬂ— sin @ sin ¢ cos 1) (sin )22~ dap,
e ()
where A > 0 and
(2.14) ! _/0 (sinp)1dy = / - ldt—w;il 1

The ultraspherical polynomials are special cases of the Jacobi polynomials. The
latter polynomials, usually denoted by P,(LO“B ), are orthogonal with respect to the
weight function (1 — z)%(1 + )%, o, 3 > —1. We use the standard notation as in
[13, p. 58]. The relation between the ultraspherical polynomials and the Jacobi
polynomials is given by [13, p. 80, (4.7.1)]

TA+ 50 +2)) i1
LM (n+ A+ %)P" (@)

Other properties of these polynomials that are needed will be given in the place
where they are used.

(2.15) W (z) =

n

3. COMPACT FORMULAE

The main results in this section are the compact formulae for []P’%” ) (x)} TIP’%“ ) (v)

and K" (x,¥), which are independent of the choice of the orthonormal bases.

Theorem 3.1. For W, on B, 11 >0,

+p+

P ()] TP (v) =L TH T 3

[ n ( )] n (Y) N"'%
i d—1

(3.1) X/ CY ) (xy + /T [xPV/T— [y[? cos )
0

<o ae/ [Cemontan, oy ent
0

and, for p =0,

(3:2) [P;m(x)fm@(y): —— 2 [P ey + T RPVT )

+OS T (x oy — ¢1—|x|2¢1—|y|} x,y € B.

Proof. For x € B? we define a mapping x +— (61, ... ,04) by

Z2 Td
= cos fs,

V1-a? \/1—:51 co— xR

r1 = cos by,
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Moreover, for y € B? we associate it with (¢1, ... , ¢4) through this mapping. Using
the notation x; in (2.5), we write

XY =Xd-1"Yd-1 1 TdYd = Xd—1 " Yd—1
+ /1 = [xa-1]2v/1 — [ya—1|? cosfq4cos ¢,

from which and the fact that /1 — [x[> = /1 — [x4_1|? sinfy it follows readily
that

Xy +/1—[x[2\/1 - [y[? cost
=x4-1 Va1 + V1= |%a-1|>V1 = |ya_1]? (cos 4 cos g + sin Oy sin dg cos1p).
We write ¢q = 9 and define ¢;, 1 < j <d—1, by

(3.3) costp; = cosBj1 coS@jp1 +8inb 1 sin g 1 cosYjpa.
Then we can continue the above process inductively to conclude that
Xy + /1 - [x2y/1~|y[? cosv)
=X4 1-Ya1+ V1 —|xq_1]2V/1 = |ya_1]? costbg_1
= ... =x1-y1+ V1 - [x12V/1 = |y1]? cos .

Since x; = z1 = cosf; and y; = y1 = cos¢p, we can use the addition formula
(2.11) for the ultraspherical polynomials to conclude that

CM(x -y + /1 - [xPy1 -]y cosv)
=CMN(x1-y1 + 1 - |x12y/1 = |y1]? cos¢)

= Z agm (sin 6, )" C’,(Z’\_Z]fl) (cos 61)(sin ¢1 )™ C’fl)‘fkl (cos ¢y )C'( )(cos P1).
k1=0

Formula (3.3) for ¢ allows us to use the addition formula on C,ii_%)(cos 11); the

new formula so derived contains C,ij_l)(cos ), which allows us to continue the
process inductively. Consequently, we conclude that for A > (d — 1)/2,

(34) CV(x-y + V1 [x]>V1~ |y cosv))

ka—2

B Ad o a-ig?
- Z Z akhn k1, kz Oy 17/€d 2

k1=0 kq_1=0

x (sin 6 )kl O (cos 1) (sin ) P O (cos $1) - (sin Og_q)Fa-1

A—452+k4_1) . k A—452+kq-1)
xCp ) 2e, (cos0a—1)(singg—1) 1 C 2 T

A—ga=1
x (cos $a—1)Ch T (cos ta_1)
ki—2 d—1

= Z Z Hak oy 81116‘) C,g)\Jrlk K = )(cosﬁj)(sinqu)kj

ki=0  kq_ 1—0g 1

C(j‘+1k k; =B (cosqﬁj)C',(cd ) E )(cosdjd 1)
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We integrate the above equation with respect to (sin)?*~9dey, using (3.3), and
apply the product formula (2.13) to conclude that

(35) C)\_% /Tr 01(1)\) (X -y + \/1 _ |X|2\/1 _ |y|2 Cosw)(sinw>2)\—ddw

kq—2

= a sm@) C()‘Jrk = )(cosﬂj)
Y Y e b,

k10 kdlojl

Athj—
X (sin ;)" ;i]+1 ko : )(Cosd)j),

where we have used the fact that k; = 0 and

>\—— )\—— (A—451)
kd7kd 2 = ke, T [Okd,l : (1):|
On the other hand, from the definition of our orthonormal polynomials in (2.6), we

have that
36) [P BY T ) = 3 PrxPiy)

-1

leeli=n
e d (ki — 155
= Z Z H(sm6‘) Cri 2k, = (cosb;)
k1i=0  kq_1=0 j=1

. Atk — 15t
x (sin ¢; )" C(J +1 k; )(cos ®j).
Moreover, from the formulae (2.7) and (2.12) it follows readily that
TETA+ 1 — )2\ 4 2n (& 222—i1 [P()\ =

n -1 _ __
[heal = PA+1)  24—d 1% 7 T2\ — j JI;[ ’Wa v
which can be simplified by the use of the identity (cf. [1, p. 256, (6.1.18)])
22)\—j—1 ] -1 _7
r@ex—j) = RO (A —x=);
(A= j) = T T = TIP3
the result is
n 1-1 A+n o izt
[ a,d} = O, kj 1

7j=1
Using this identity and comparing (3.5) and (3.6), we obtain the desired formula
31)forp=A—-(d—1)/2>0.
To prove (3.2) in the case u = 0, or A = (d—1)/2, we use the limit relation (2.4).
We note that it follows from (3.3) and the elementary trigonometric identities such
that

coshg_1 = cos(0q — ¢gq), if P =0; cosg—1 = cos(0q + ¢q), if P =

These formulae are used to derive from (3.4), taking into account (2.4), that

n_'_u (E) ka—2 d—1 d—j
ﬁCn2 (Xy:l:\/l—|x|2\/1—|y| Z Z Hak Ky 1 SIHG)

k1=0 kq—1=0j=1

kj+ 451 . (k5L A—431)
><C,ijf_,ij)(cosﬂj)(sm@)kJC,ijj_,ij)(cosqﬁj) ,id 2 (cos(@d:Fqu))

1 1
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On the other hand, from the addition formula for cosine, we have
CO(cos 0)CLO (cos pg) = C (cos(0g — pa)) + C (cos(Bg + ¢a))

for m > 0, while for ;= 0 the right hand side has a factor 1/2. Thus, it follows as
in (3.6) that

n ka2 d—1 o
PO (x)] PO (y) = S > [l ' [ sin0;)* C,i]:iji)(cos 0;)
k1=0 kq—1=0 Jj=1

x (sin ¢;)" C’,gff_d?j)(cos b;) [C,ig{l (cos(04 — ¢a)) + C’,ig{l (cos(0q + pa))]-

To conclude the proof, we compare the coefficients of the two expressions. We omit
the details. O

It is worthwhile to mention that if we restrict y to the surface of the ball by
setting |y| = 1, then the compact formula (3.1) or (3.2) takes the form

T n—i—u—i—u a1
[PG) B0 = — O ey, = 1,

2

which is closely related to the addition formula for the spherical harmonics (cf. [6,
Vol. 11, p. 244, (2)]).

Next we derive a compact formula for the reproducing kernel function Kg{‘ ) ().

Theorem 3.3. For W, on B, 1 >0,

i d41
3.7 KWM(xy) :/ [O,(;H ) (x-y + /1= [xPy/1— |y cost)
0
d+1

+ O oy + VTP VT = [y P eos )]

x (sinw)2“_1dz/1/ /ﬂ(sm )2y
0

_ (et LD (n + 20 + d)
T2u+d+1)I(n+p+2)

™ d d_
/ PYTEITE D (kg 4 /T xPV/T = [y[ cos )
0

« (sim ) / / i)y, xy e B
0
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and, for 4 =0,
(3.8)

1 d+1
KO (x,y) = 5[Cn 7 (o y + VI RPVI= )
+ O3 ey + VT )PV )]
ey = VIZXPVI= )

+ Oy = VI KPP
D(H2)T(n+d) 14.4-1)
= P (x-y 4+ /1= [x2V/1— Jy|?
EERCEEL (e y + VIRV P)
Pt D (xy — /T- XPVI = y]? B
P ey xPVI-P)).  xyeB

Proof. According to [13, p. 83, (4.7.29)] we have

B0 @) = 0P @) - o), k20,

where C5™) = ¢ = 0, from which it follows readily that
k+ A ALl
y e 0 (@) = O (@) + O (@),
k=0
The first equal sign in (3.7) is the consequence of (3.1) and this identity. From [1,
p. 782, (22.7.19)] the Jacobi polynomials Pr(f"ﬁ) satisfies
2n+a+ B)PLP D (z) = (n+ a+ B) PP + (n+ a) P (2).

Choosing @ = 8 = A — 1/2 in the formula and taking care of the normalization
constants in the Jacobi and the ultraspherical polynomials (see (2.15)) we have

1
2I'(A + 5)I'(n + 2/\1— 1)P7({\_%7)\_%)(:E),
TEND(n+ A— 1)

from which the second equal sign in (3.7) follows readily. The proof of (3.8) is
similar. O

(3.9) CN(z) + CWY, (z) =

4. POSITIVITY AND SUMMABILITY

In this section and the next one we discuss the summability of Cesiro means of
the Fourier orthogonal series. First we recall the definition of Cesaro summability.
The sequence {s,} is summable by Cesaro’s method of order d, (C,J), to s if

1 K/n—-k+d5-—1
e (Al s

converges to s as n — oo. If for each n € Ny s,, is the n-th partial sum of the series
> heo Ck, the Cesaro means can be rewritten as

1 [/n—k+0d
(n+5) Z ( n—=k )Ck'
n k=0

For the basic properties of Cesaro summability see [17, Chap. III].
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We denote by Sfl) +(Wy; f) the (C, 6) means of the Fourier orthogonal series with

respect to W,,. For later use, we also denote by Ki,d(Wm -,+) the (C,d) means of
the orthogonal polynomial series; i.e.,

(4.1) Kj (W%, y) =%+5 > <n ;f Z 5) P (x)] P (y)

( n ) k=0
1 ~(n—-k+d-1

= (n+§) Z < n—k )Kl(cli;)i(xay)a
n k=0

so that, by the formula (1.5), we can write
(42) AW ) = [ PO Wax. )W, ()dy.

Moreover, for d = 1, we write K and K? for Kgﬂ and K, | (W), respectively.

Our first result concerns the nonnegative summability method. For the ultra-
spherical polynomials, an inequality due to Kogbetliantz (see [2, p. 71]) states
that

" n—k+ 22+ 1\ k+ A\
(4.3) kz_o( oA+ 1 ) Cip(x) > 0,

which implies that the (C, 2\ + 1) means of the orthogonal expansion with respect
to W,1 is nonnegative. For d > 1, we have

Theorem 4.1. For pu > 0, the (C,2u+d) Cesaro means of the Fourier orthogonal
series with respect to W, define a positive linear operator. Consequently, for f €
C(BY), the (C,2u + d) Cesaro means converge uniformly to f on BY.

Proof. The positivity of the (C,2u + d) means states that, by (4.1) and (4.2),

" /n—k+2u+d T
> R o ) 2 0,

n—=k
k=0

which follows readily, by formulae (3.1) and (3.2), from inequality (4.3) of Kog-
betliantz. (]

By orthogonality, the positivity implies, in particular, that the (C,2u+ d) means
are uniformly bounded. Moreover, since S, qf preserves polynomials of degree
less than n, it is easily seen that Sz, 4(W,; P) converges uniformly to P for any
polynomial P. Therefore, the uniform convergence of the (C,2u + d) means for the
continuous functions follows readily from the density of polynomials in C(B%). O

We note that for 4 = 0 the theorem states that the (C,d) means are positive;
in particular, for d = 1, the corresponding weight function becomes the Chebyshev
weight of the first kind and the theorem, under the standard transformation z —
cos @, goes back to the famous Fejér theorem on the positivity of the (C, 1) means
of the Fourier series. Another extension of Fejér’s theorem to several variables has
been given in [3] for £ — 1 Fourier partial sums, which is equivalent to the expansion
in the product Chebyshev polynomials on [—1, 1]%.

The order 2u + d in the theorem is sharp for the positivity. For convergence,
however, the positivity is not necessary, as we shall see in the next section. In the
rest of this section, we mention other results on the positivity of the polynomial
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sums. An inequality of Askey and Gasper for the ultraspherical polynomials states
(see [2, p. 74, (8.12)]) that

" (n—k+a\ [(k+a\C(z)
4.4 kX >0 3<a<22+1
o 2"V )Gn e asesan

for —1 <z < 1. Let us denote by the boldface letter e an element on the boundary
of B% i.e., le| = 1. It follows readily from Theorem 3.1 that

d-1
[p(u)(e)]Tp(u) (e) = wcﬁw 21)( ).
n n w4 d—1
2

Hence, we can rewrite formula (3.1) in Theorem 3.1 as follows:

[P (0] P (y) =
[P (e)] P (e) _C(M+ (1 / OV iy 4+ VT RV T = [y cos )

x (sind})z”_ldw// (sine)?~ldy,  x,y € BY.
0
From this formula and an analogy formula for the case u = 0, we obtain readily
that
Theorem 4.2. For 3 <a < 2u+d,
n _ PUNT ()
G as o —
N P (e)PW (e)

We note, however, that the positivity stated in Theorem 4.1 is not a special case
of the inequality in Theorem 4.2. Actually, the inequality of Kogbetliantz is not
a special case of (4.4), but a special case of the extension of (4.4) for the Jacobi
polynomials [8]; the link can be seen from (3.9).

5. SUMMABILITY OF FOURIER ORTHOGONAL SERIES

The formulae we derived in Theorem 3.1 suggests that the behavior of the poly-

nomial [P (x)] "P(9 (y) resembles a polynomial of one variable. This is especially
true when one of the variables is on the boundary of the ball, which suggests the
following interesting observation.

Lemma 5.1. For u >0,

d—1
(5.1) K/ (xe) = KV 7 )(x-e,1), xeB% le|=1
Proof. From (3.7) and (3.8) it follows readily that
ZF(IU d+2)F(n+2,u—|—d) P(’H'%”H%)(
F@u+d+1)I(n+p+9)
On the other hand, from [13, p. 71, (4.5.3)] we have that

1 I'n+a+p+2) P+ ()
20481 T+ D)I'(n+ B+ 1)

Kgfft)l(x, e) = x-e), > 0.

K(o‘ﬂ)(x 1) =

)

where IN{,(f"ﬂ ) is the reproducing kernel with respect to the weight function
(1 — 2)*(1 + z)#. From this formula we can derive the formula for KW (z,1),
which is the reproducing kernel with respect to the normalized weight function
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Wyi(z) = w,1(1 — 2?)#~1/2, By setting a = 8 = pu — 1/2 and taking the value of
wy,1 in (2.2) into consideration, we obtain that

2D (p+ $)M(n+2p+1) plutha—}
T(2u+ )T (n+pu+3)

KW (x,1) = ().

Letting 4 +— p + (d — 1)/2 and comparing the formulae for Ky (it )(x, 1) and
K;“ zl(x e) concludes the proof. (]

Formula (5.1) allows us to reduce the summability on the boundary of B? to
that of one variable. The result is the following.

Theorem 5.2. Let f be continuous on the closed ball BY. The expansion of f in
the Fourier orthogonal series with respect to W, is (C, ) summable at the boundary
of B, provided § > i+ 451, Moreover, it is not (C,6) summable if 6 = p + u

Proof. By formula (4:.2)7 it follows from Helly’s theorem [13, p. 13] that it suffices
to show that

17373:/ }K (W e7y)}Wu7d(Y)dy

-/,
1

is bounded if and only if § > u + %. From Lemma 5.1 and using the standard
transformation y = ry’, where |y’| = 1, we have

’ Sd—1 n—=k
/ “/
Sd—1

Since the inner integral can be viewed as an average of a function whose variable
is an inner product over the sphere, it should be invariant under the orthogonal
transformation; in fact, it is a radial function. We can apply the following general
formula that holds for g : R — R;

62 [ oGy =wis [ o)1= s xR,

which can be easily verified and it appeared already in [9, p. 8]. It follows then
that

n

n—k+6
> < )Kz(c‘fi(e, Y)‘Wu,d(}’)dy
k=0

)K,EHJFT)(y ‘e, 1)‘de#,d(r)dr

W,y

13y €1 ‘dWWud( )dr.

1 1
I(“(; = wy_o / pd=1 / ‘K,‘i(W#_F%)l;rs7 1)‘(1 - 82)%d8WN)d(T)dTZ
0 -1

Making a change of variable s — t/r and exchanging the order of integration, we
obtain that

1 1
Iq(zl,g = wd_z/ ‘Kfz(Wu+%,15 ¢ 1)‘ /l (r* = tQ)% rWya(r)dr dt.
—1 t

Let ¢ : [-1,1] — R be the function defined by

1 w 1
¢(t)=/t|(r — 13 Wy alr)dr = ‘2‘7d/t2( u— 127 (1 — w3 du.



SUMMABILITY OF ORTHOGONAL SERIES ON A BALL 2453

It is easy to see that the integral is a Beta integral over [t2,1] (cf. [1, p. 258]); thus,
it follows that

1
o) =A,(1— tQ)“’L%, where A, = wg’d / u%(l — w)* 3 du.
0
Hence, we obtain the formula
(1) Yo 2\t 952 )
Tyy =i | K3, oz st D)1= 2y T ae =0,

where in the last equality we determine the constant by setting n = 0. There-
fore, the (C,d) summability of the orthogonal series with respect to W, 4, on the
boundary of B?, is equivalent to that of the (C, §) summability of the ultraspherical
polynomial series with index u+ % at the end point x = 1. The desired result now
follows from Theorem 9.1.3 in [13, p. 246], where the result is stated for the Jacobi
series and a shift of 1/2 on the index is necessary for the ultraspherical series. [

For d = 1 the condition § > p turns out to be sharp for the uniform convergence
of S3(W,.1;f) on [—1,1], which, in fact, can be derived from the convergence at
x = 1 by using a convolution structure enjoyed by the ultraspherical polynomials.
The convolution structure follows from the product formula (2.13), which holds
actually for the Jacobi series ([7], and see [12] for the addition formula for Jacobi
polynomials). For d > 1, formula (3.1), or (3.2), is not a product formula for two
individual polynomials, but holds for a sum of the product of polynomials; it’s not
clear whether it will yield an analogous convolution structure for the Fourier or-
thogonal series on B?. Nevertheless, the formula is enough for proving the uniform
convergence on B?.

Theorem 5.3. Let f be continuous on the closed ball B*. The expansion of f in
the Fourier orthogonal series with respect to W, is uniformly (C,6) summable on

B if, and only if, 6 > p+ %.

Proof. The necessary part has been proved in the previous theorem. From (4.2)
and the Helly’s theorem, it suffices to prove that

1096 = [
Bd

is uniformly bounded over B if § > p + (d — 1)/2. We consider the case y = 0
first. By (3.2) and (2.10) we have from (4.1) that

K i(Wa;%,5)|Wya(y)dy

1
Ky a(Wo.ai%,y) =5 Kn(Wass ;1% y + V1= [xPV/1 - [y]?)

1
FEIWas 510y — VT— W21 yP)
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Using the standard change of variables y = ry’, y’ € S?~! and formula (5.2), we
obtain

[ oW 1y VTRV T ) Waaty)ay

/ d= 1/ O(Wa 11,1,rx y /1= [x[2V/1 —1r2) ‘deod
Sd 1

:wd—2// rd_l‘KfL(W%)l;l,r|x|s
0 J-1

1—1|x]2V/1 - 7“2)‘(1 - 52)%;3W07d(7‘)d5d7‘

/ / Wd 1 1,1,:|:’U,\/1— |X|2
+x[V1—-u?s ‘ 1—s%) (1—u )%dsdu,

where aéo) = wq—owo,q and the last equality follows from a change of variable

r — /1 —u2. Put these formulae together and it follows readily that

(5.3) 70 (x) //‘K (Wazs i Louv+ VI—02V/1—u? s ‘

x(1—s ) (1 —u ) 7 dsdu = jifg(v),

where v = /1 —|x|2. From this formula, the proof will be essentially reduced
to that of ultraspherical polynomials in one variable. Before we proceed, we first

reduce Ifl‘g, >0, to a similar form. By (3.1) and (2.10) we have from (4.1) that
for > 0,

K6 d(Wu7d7X y)

—CM/ K5 pdt nlx: y—|—\/1_|x|2\/1_|y|2 (1 — 2+t

Therefore, changing variables y = ry’ and using (5.2) as in the case of p = 0, we
follow the procedure that leads to (5.3) to conclude that

I “)// / }K‘s M+d11,1uvt+\/1—u2\/1—v2 ‘ )Lt
x(l—s)Tu (1—u) B dsdu-J(”)() v=1+/1—1x2,

where al(j“ ) — wa—2w,,q and the inequality results from moving the absolute value

inside the inner most integral. Changing variable ¢ — p/u in the inner integral and
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exchanging the order of integrals with respect to du and dp, we obtain
T () “"/ / / ‘K‘* izt i Lop+ VT =21 =02 s ‘

—: n=1d _
X (1—52)¥ds(1—p—2> L 2“(1—u2)%du
u u

1 1 1
:ag‘”/ / / ‘Kﬁ(Ww%l;l,vp—k V1—u2y/1— 02 s)‘
—1J|p| /-1 ’

x (1— 52)%d5(u2 —p?)F (1 - uQ)%dudp;

changing the variable again with s — ¢/v/1 —u? and exchanging the order of
integrals with respect to du and dq, we obtain

Vi—u?
(u) —a® / / /
[p| Vi-u?

a=3 d _
X (1 ¢ ) : 4 (u? — pH)Ftu(l — u2)¥dudp

1—u? V1—u?
1 1—p?
wff
)i

(W#+d 1 Lup+ V1 — 2 q)‘
1-¢? d—3
X [/ (1—¢*—u?)= (u? —pQ)“_ludu] dqdp.
Ip|

. _ 2
%717171}]9—’— 1-v q)‘

Upon changing variable u? — z, it is easy to see that the integral inside the square
bracket is a Beta integral; it follows that

1—q? - )
/ (1-¢% =17 (u? — p?)* Ludu = bﬁ{”(l —@® =Pt
Ip]
where
1
bé“) =—/ (l—t) gt = (—)d(_/?
2 2+ )

Therefore, changing variable g — s1/1 — p? in the last expression of Jrgf‘d) and using
the above identity, we finally end up with

(5.4) Jéf‘d (“)b(”)/ / ‘K‘S 41y Lup+ vV1—1v2y/1—p? S)‘
(1—s )“+_(1 - )”+%dsdp.

Since the formula for bd“ implies that bd = 1/2, we see that (5.3) corresponds

to (5.4) with g = 0. We now use (5.4) to prove that Jéf‘d) is uniformly bounded
whenever § > p + (d — 1)/2, which can be proved as in the summability for the
ultraspherical series of one variable. Without introducing the convolution structure
explicitly, we give a complete proof here. We start with the formula

(5. 5)

1
/ (w4 V1—0v2/1—u?s Vs = / g9(2)Dx(u,v, z)(1 — 22)’\+%d2,

-1
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which follows from a change of variable, with D) defined by
(1 —u? —v? — 22 4 2uvz)?
[(1—u?)(1 = v2)(1 = 225
whenever 1 —u? —v? — 22 + 2uvz > 0 and D (u,v, z) = 0, otherwise. In particular,

Dy (u,v,z) is nonnegative and it is symmetric with respect to its three variables.
Moreover, setting g(z) = 1 yields

1 1
(5.6) /_1D,\(u,v,z)(1_z2)>\+§dz:/ (1—sH) ds—wAJrl .-

-1

Dy(u,v,z) =

Using formula (5. 5) with A = o + (d — 3)/2 we obtain from (5.4) that
J(”) (”)b“) K5 PEEY 1,z D as (u,v,2)(1 — 22 ntE g,
1
x (1 — w22 du

1
:a;u)bgu)/l‘Kz(Wer 112 / D, i 3(u v,2)(1 —u? )u+ > du)

x (1 — 22)r+ 5" gz

By the symmetry of Dy and (5.6) we have that the inner integral is equal to
[wth% )71 and we conclude that

Jn,d(v):/ ‘K‘s RFESRE 1,2) W%)l(z)dz,

where the constant is determined by the fact that

al(imbl(zu) T Wz Wy dol g
which can be easily verified using (2.2) and wy_o = 27(?=1/2/T'((d —1)/2). There-
fore, the conclusion of the theorem follows from that of ultraspherical polynomials
([13, p. 246]); it also follows from Theorem 5.2 in view of Lemma 5.1. |

For primitive results on Cesaro summability, usually under the assumption that
2p is an integer, we refer to [6, Vol. II, Section 12.7]. In the early studies, functions

are usually expanded in the series of orthogonal polynomials V" (k) n (2.8), called
Appell series, with the help of a second family of polynomials that is biorthogonal
in connection with V2""). As we mentioned before that Vo) forms a basis for
the space V¢ spanned by P, |aely = n; it follows from the interpretation in (1.3)
that the partial sums of the Appell series should be the same as the S, (W, f).
Beyond the results recorded in [6], we are not aware of any other result in this
direction.

The theorem gives a complete answer to the question of uniform summability of
the Fourier orthogonal series with respect to W,,. Surprisingly, the analog result
does not seem to be known for any other family of classical weight functions. In-
deed, even for the product Jacobi weight functions such as Hle(l — 22)#=1/2 on
[~1,1]%, for which the orthogonal polynomials are just products of ultraspherical
polynomials, the (C,§) summability of the Fourier orthogonal series has not been
studied for g > 0, while the case = 0 reduces to the /-1 summability of multiple
Fourier series (cf. [3]).
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To conclude this paper we mention one interesting observation for the summa-
bility of the Fourier orthogonal expansion of a radial function. For a radial function
f we write f(x) = fo(|x|), where fo : Ry — R. Because of the radial symmetry
of the weight function W,,, the Fourier orthogonal expansion of a radial function
should be radial as well. This is indeed the case as can be easily seen using (5.2).
Hence, we can denote by sy, ¢(W,; fo) : Ry — R the partial sum S, 4(W,, q4; f, %),
r = |x|, whenever f is a radial function.

Theorem 5.4. Let f be a radial function. Let fo be defined by fo(r) = fo(v/1 —12).

Then for 2u € Ny,
(57) Sn,d(W,u; an T) = Sn,Q,u—i-l(WlH_ dgl ) f~07 vV1-— TQ)'

Proof. We give only an outline of the proof for p > 0; the case u = 0 is similar.
We write the Fourier coefficients a,, (f) (see (1.3)) as aff"c)l(f). By (3.1), making the
change of variables y = ry’ and using (5.2) we obtain that

d—1

) ¢ 1 T () nt+p+ 5
[amd(fﬂ ]P)md(x) =Cpu d—1
Bt

1 d—1
x / () / O T ) (x oy + VT XPVI — Iy P (L — )P dtW (y)dy
Bd -1

-1

1 11 P
:cﬂw#ﬁwd_gfo fo(r)/_l /_1 ot )(r|x|s—|—\/1—r2 1—|x|2¢)

x (1 — 2P 1dt(1 — s2) 2 ds v 1 (1 — r2)P 24

The last expression is radial in x and it depends on fy. We denote it by

3

+

+ | =
+

&

\

[afl“ 21( fo)]TIE”fl“ 21(7“); the change of notation is consistent with the notation of s,, 4.

Changing the variable r — /1 — u2, from the fact that fy becomes fy and that
r4=1(1 — 72}~ 3 dr becomes (1 — u2)¥u2“du, which is symmetric with respect to
wand (d —1)/2, it follows that

T () T
(a2 ()] B = [, 5,00 (F0)] "B 5.0 (VI = 12),
where the constant is determined by setting n = 0. The desired result follows
readily. O

In particular, when p = 0, the formula (5.7) states that
Sn)d(WQ; an 'f’) = Sn71(Wd51 ; fO’ m)

Thus, for a radial function f on B?, its expansion in the Fourier orthogonal series
with respect to Wy 4 can be reduced to the expansion of fy in the ultraspherical
series.

Finally let us mention that the compact formula also makes it possible to study
the asymptotics of [P, (x)]7P,(x), from which the asymptotics of the Christoffel
function [K,, (x,x)]™! in [5] follows; the result will be presented in another place.
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